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Abstract 

Let y — >■ P" be a flat family of reduced Gorenstein curves, such that 
the compactified relative Jacobian X — J (F/P") is a Lagrangian fibra- 
tion. We prove that X is a Beauville-Mukai integrable system if n = 3, 4, 
or 5, and the curves are irreducible and non-hyperelliptic. We also prove 
that X is a Beauville-Mukai system if n = 3, d is odd, and the curves are 
canonically positive 2-connected hyperelliptic curves. 

1 Introduction 

In this article a Lagrangian fibration will be a holomorphic symplectic manifold 
X of dimension 2n, with a proper surjective morphism tt : X — ;> P". The fibres of 
TT will be Lagrangian with respect to the holomorphic symplectic form on X , and 
the generic fibre will be an n-dimensional abelian variety (see Matsushita [HJ 
[TT]). The following conjecture was introduced in Part I [22] of this article. 

Conjecture 1 Let X P" be a Lagrangian fibration whose fibres are Jacobians 
of genus n curves. Then X is a Beauville-Mukai integrable system. 

A description of the Bcauville-Mukai systems [H [18] was given in Part I. Essen- 
tially it means that X is the compactified relative Jacobian of a complete linear 
system of curves in a K3 surfaces. 

To be more precise, suppose that Y -> P" is a fiat family of integral Goren- 
stein curves of arithmetic genus n, whose compactified relative Jacobian 

X = j''(y/p") 

is a Lagrangian fibration. When n = 2, Markushevich [T5] proved that X must 
be a Beauville-Mukai system. In Part I we extended this result to arbitrary 
dimension, provided the degree of the discriminant locus A C P" is greater 
than An + 20. 

In this article, we prove Conjecture [1] in various low dimensional cases. 
Firstly, we prove X is a Beauville-Mukai system if all of the curves in the family 
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y/P" are non-hyperelliptic and n = 3, n = 4, or n = 5 (Theorems [SI [SJ andO- 
Secondly, when n = 3 we prove that the family of curves Y/¥^ cannot contain 
both non-hyperelliptic curves and hyperelliptic curves (Proposition [7]) . This is 
in accordance with the well-known fact that given a linear system of curves in 
a K3 surface, either all of the curves are hyperelliptic or none of the curves are 
hyperelliptic. Thirdly, when n = 3 we prove that X is a Beauville-Mukai system 
if all of the curves in the family Y/P^ are hyperelliptic (Theorem [T5|). Note that 
the hypotheses need to be modified slightly in this case, as we cannot expect all 
of the curves in the family to be irreducible. Instead we require the curves to 
be canonically positive and 2-connected, which ensures that the curves do not 
contain 'redundant' irreducible components. In addition, the compactified rel- 
ative Jacobians of different degrees may not be locally isomorphic as fibrations 
if there are reducible curves; our result assumes that the degree d is odd. 

Unfortunately our methods do not immediately extend to higher genus, 
since we use the fact that the curves are complete intersections. In the non- 
hyperelliptic case, the canonical embedding of a generic curve of genus g > 6 
does not yield a complete intersection in P^"^. In the hyperelliptic case, the 
image of the canonical map of a curve of genus g > 4 yields a rational normal 
curve in P^^^, which again is not a complete intersection. 

The author would like to thank Eduardo Esteves and Steven Kleiman for 
patiently answering many of his questions concerning compactified Jacobians, 
and would also like to thank the Max-Planck-Institut fiir Mathematik in Bonn, 
where these results were obtained. 

2 Preliminaries 

2.1 Canonical models of curves 

The following results were proved in Sections 2.2 and 4.2 of Part I 122] . 

Lemma 2 Let Y B be a flat family of geometrically integral ( reduced and 
irreducible) curves over a projective manifold B, such that the compactified rel- 
ative Jacobian 

X=Y{Y/B) 
is a Lagrangian fibration over B . Then 

L every curve in the family Y/ B has arithmetic genus n, 

2. the base B is isomorphic to P", 

3. the generic curve in the family Y/ B is a smooth genus n curve, 

4-. there is a hypersurface A C B parametrizing singular fibres of n : X ^ B 
( equivalently, singular curves in the family Y j B ) and a curve above a 
generic point of A will contain a single simple node, 
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5. the compactified relative Jacobian X = J (V/B) is a Lagrangian fibration 
if and only if (Y/B) is a Lagrangian fibration, 

6. the first direct image sheaf R^tt^, Ox is isomorphic to where tt denotes 
the projection X ^ B = , 

7. the first direct image sheaf it ^^Oy is isomorphic to rip„, where it denotes 
the projection F S = P" . 

// in addition the curves in the family Y j B are Gorenstein, then the total space 
Y of the family of curves is smooth. 

Suppose that we are in the above situation, i.e., suppose that F/P" is a flat 
family of integral Gorenstein curves of genus n, such that X ^ J (Y/F") is a 
Lagrangian fibration. 

The canonical map 

c p{ii°{c,Kc)'^) ^ p{R\c, Oc)) ^ r'-^ 

of a smooth curve of genus n > 2 is either an embedding or two-to-one onto 
a rational normal curve, according to whether C is non-hyperelliptic or hyper- 
elliptic (see Griffiths and Harris [ID]). Rosenlicht [20] extended the canonical 
map to singular curves; he used H°(ti;) to define a base-point-free linear series 
on the normalization C of C, and defined the canonical model of C to be the 
image C" of the corresponding map C P"~^. He then proved the following 
result (see Kleiman and Martins [13 for a modern presentation). 

Theorem 3 Let C be the canonical model of an integral curve C of genus n. 

L If C is not birational to C , then C is a rational normal curve of degree 
n — 1 in P"~i and the map C — P"^i induces a unique two-to-one map 
C_5.pl. call such a curve hyperelliptic. Note that C is automatically 
Gorenstein in this case. 

2. If C is non-hyperelliptic and Gorenstein, then C' is degree 2n — 2 mP"^^ 
and the map C — !> P"^i induces an isomorphism C C" . 

3. If C is non-hyperelliptic and non- Gorenstein, then C' is isomorphic to the 
blowup of C with respect to uj. 

By hypothesis, the curves in our family Y/¥" are Gorenstein. So case (3) of 
the above theorem does not arise, and there exists a relative canonical map 

Y ^¥{R\^Oy) =P(f^p.) 

where we have used Lemma [2| (7). We will treat the non-hyperelliptic and 
hyperelliptic cases separately. But first we study the geometry of P(ilp„). 
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2.2 The incidence variety 

Definition The incidence variety is the subvariety C P" x (P")^ parametriz- 
ing pairs {p, H), where p is a point in the hyperplane H. 

It is easily verified that y is a hypersurface of bidegree (1, 1). It is a P"~-^- 
bundle over both P" and (P")^ under the projections 

y c P" X (P")^ 

We prove some basic facts about V. 

Lemma 4 1. Restriction of divisors induces an isomorphism 

FicV ^ Pic(P" X (P")"^) ^ Z © Z. 

2. For n > 2, the line bundle 0{a,b)\v = h*Ovr^{a) (E) i*0(jf^y{b) admMs 
non-trivial sections if and only if a > and b > 0. Every section lifts to 
a section of 0(a,b) on P" x (P")^. 

3. For n > 3, H^(y, 0{a, b)\v) is trivial for all a and b. 

Proof The first statement follows from the Lefschetz Hyperplane Theorem. 
Next consider the short exact sequence 

^ ©(a - 1,6- 1) ^ 0{a,b) C(a,6)|y -> 

and its corresponding long exact sequence 

0^>H°(O(a-l,6-l)) ^■H°(0(a,6)) ^H°(y,0(a,6)|y) -^Hi(0(a-1,6-1)) 

B.\0{a, 6)) B.\V, 0{a, b)\v) H2(0(a - 1, 6 - 1)) ^> . . . 

A line bundle on P" can only have non-vanishing cohomology in degree or n. 
Therefore on P" x (P")^ 

H^(e)(c,d))= ff(P",e>(c))®H^((P")^,0(rf)) 

i+j—k 

is always trivial for 1 < fc < n — 1; this proves the second and third statements. 
□ 

We introduced the incidence variety because it is related to the P"~^-bundle 
P(n^„). 

Lemma 5 The projective bundle P(f2p„(l)) is canonically isomorphic to V. 
Under this isomorphism, the relative hyperplane bundle is identi- 

fied with O{0,l)\v ■ 
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Proof Projectivizing the Euler sequence 

n^^l) H°(P", 0(1)) (E)0^ 0(1) ^ 

we see that P(r2p„(l)) sits inside P" x (P")^. Moreover, the inclusion of this 
P"~^-bundle into the trivial (P")^-bundle is compatible with the relative polar- 
izations. This means that Opi^Qi^^iyf{l) is the restriction of the relative hyper- 
plane bundle 0(0, 1) on P" X (P")^. 

Finally, we identify P(rip„(l)) with V. Suppose that the non-trivial section 
s e H''(P",0(1)) vanishes on the hyperplane H. Then {p,H) lies in P(nJ„(l)) 
if and only if s{p) = 0, or equivalently, p ^ H and (p, H) lies in V . □ 

Remark Lemma [5] implies there is also an isomorphism 

P(17j„) ^ P(17j|.„(l)) = V. 

Under this isomorphism, the relative hyperplane bundle Op(Qi^')(l) is identified 
with 

O(0,l)|y«./l*Op.(l) = 0(l,l)|y. 

3 Non-hyperelliptic curves 
3.1 Genus three 

Theorem 6 LetY — )> P'^ be a flat family of integral Gorenstein non-hyperelliptic 
curves of genus three whose compactified relative Jacobian X = J (Y/P^) is a 
Lagrangian fibration. Then X is a Beauville-Mukai integrable system, i.e., the 
family of curves is a complete linear system of curves in a K3 surface. 

Proof By Theorem [3] (2), the relative canonical map 

r ^P(i7j.3) = y c p^ X (p3)v 

is a closed embedding, with each curve Yt embedded as a quartic in the corre- 
sponding P^ fibre of P(51p3). Regarding F as a subvariety of V , we see that Y 
will be a hypersurface given by the zero locus of a section in 

H0(P(ni3), Op(oi3)(4) ® h*Or^{d)) - H"(F, 0(d + 4, 4)|y) 

for some integer d. By Lemma |4] (2), d must be at least —4 for this space of 
sections to be non-trivial. 

Claim: d = -4. 

By Lemma[5](7) we know that i?^7r*Oy = 57p3. Thinking oiY as a subvariety 
of V , we compute this a second time using the projection /i : F -> P'^. We start 
with a resolution of Oy by locally free sheaves: 

^ Op(j,i^)(-4) ® h*Op3{^d) ^ Op(f2i^^) -> Oy 



6 



3 NON-HYPERELLIPTIC CURVES 



Since R^h^tOp^fii^-^ and R'^ h^tOp^Qi^-^ both vanish, the long exact sequence ob- 
tained by applying R'h^, to the above yields 

R^KOy = R^K(^Op(^^i^-j{-4)®h*Op3{-d)'^ 

^ Or^i-d) ® R^K (Op(oi3)(-4)) 

^ C»p3(-d)® (/i* (c'p(f2i3)(4)(g)C'p(ni3)(-3)(0/i*w,^3))'' 

= Op3{-d) (E)ujp3 (g) (h^Op(^nl^){l)'j 

= Op3(-d-4) ® f^p3 

where we have used relative Serre duality on the third line and the fact that 

ujv = a;p3x(p3)v (g) 0(1, ^ 0{-3, -3)|y = Op(^al^^{-3) 

on the fourth line. Since R^h^,OY = R^t^^Oy = ^p-i, d must equal —4, proving 
the claim. 

We have proved that Y <zV is, the zero locus of a section of 0(0, 4)|\/. By 
Lemma m (2), this section lifts to a section of 0(0,4) on P-* x (P^)^, which 
defines a quartic K3 surface S in (P^)^. The projection j -.V ^ (P-^)^ expresses 
y as a P^-bundle over S. In particular, S must be smooth since Y is smooth 
by the last part of Lemma [H 

y D r 

p3 (p3)V 3 g 

Moreover, each P^ fibre of /i : V — >• P^ is mapped to a hyperplane in (P^)^ by j, 
and therefore each curve Yt is mapped (isomorphically) to a hyperplane section 
of S* C (P'^)^ by j. Therefore the family of curves Y/P^ is a complete linear 
system of curves in a K3 surface, completing the proof. □ 

In Theorem [S] we assumed that every curve is non-hyperelliptic. Later we 
will investigate the hyperelliptic case, but here we show that the family cannot 
contain both non-hypercUiptic and hyperelliptic curves. 

Proposition 7 Let y — > P'' be a flat family of integral Gorenstein curves of 
genus three whose compactified relative Jacobian X = J (Y/P^) is a Lagrangian 
fibration. If the family Y/P^ contains a non-hyperelliptic curve, then every curve 
in the family is non-hyperelliptic (and it follows that X is a Beauville-Mukai 
system by Theorem\^. 
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Proof Suppose that the family Y/F^ contains both non-hyperelliptic and hy- 
pereUiptic curves. Non-hyperelhptic curves are generic in the moduh space of 
genus three curves, so the hyperelhptic curves will occur in codimension at least 
one. The relative canonical map Y V will map the non-hyperelliptic curves 
isomorphically to their images, but it will map the hyperelhptic curves two- 
to-one onto conies. Let Y' C V he the image of the canonical map, but with 
the conies replaced by 'double conies' (i.e., given a non-reduced structure) so 
that Y' is a family of quartics over P'^, given by the zero locus of a section of 
Oid + 4,4)\v. 

Y Y' CV 

TT \ ^/ h 

p3 

By Lemma (7), R^n^Oy = ^p3, and as before we can compute R^h^Oy' = 
Op3{—d — 4) (g) rips. Since Y and Y' are birational, these sheaves must be 
isomorphic, and thus d = —4. As before, there is a quartic K3 surface S C (P'')^ 
and Y' is a P^-bundlc over S. 

The curves in the family Y' /P'^ are the hyperplane sections of 5 C (P"^)^. In 
particular, S contains hyperplane sections that are double conies. Without loss 
of generality, suppose that such a hyperplane is given by zq = in homogeneous 
coordinates. Then the quartic defining S looks like 

F = Q{zo, zi,Z2, zs)^ + zoC{zo, zi, Z2, zs) 

where Q is a quadric and C is a cubic. Using subscripts to denote derivatives, 
we find that 

Fo = 2QQo + C + zoCo 

F, = 2QQ, + zoa fori = 1,2, 3. 

In particular, S has at least six singularities in the hyperplane zq = 0, where 
the quadric and cubic intersect. Consequently, Y' has P^ singular loci sitting 
above these singular points of S. 

Now Y is smooth by the last part of Lemma[2l Since Y and Y' are isomorphic 
on the locus of non-hyperelliptic curves, each P^ singular locus in Y' must be 
entirely contained in double conies. This means there is a family of double conic 
hyperplane sections of S of dimension at least one, implying that S is non- 
reduced at a generic point. This contradicts the fact that a generic hyperplane 
section of S" is a smooth non-hyperelliptic curve. □ 

3.2 Genus four 

Theorem 8 Let Y ^ be a flat family of integral Gorenstein non-hyperelliptic 
curves of genus four whose compactified relative Jacobian X — J (Y/W^) is a 
Lagrangian fibration. Then X is a Beauville-Mukai integrable system, i.e., the 
family of curves is a complete linear system of curves in a K3 surface. 
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Proof By Theorem [3] (2), the relative canonical map 

Y P{nli) = C P'' X (P'*)'' 

is a closed embedding, with each curve Yt embedded as a degree six curve in 
the corresponding P'^ fibre of P(r2p4). We regard F as a subvariety of V. 

Recall that a degree six curve C in P'^ is the complete intersection of a 
quadric and a cubic. Firstly, C is contained in a unique quadric hypersurface: 
the short exact sequence 

-> Ic{2) ^ 0{2) ^ 0{2)\c ^ 

gives rise to a long exact sequence 

0^H°(p3,Ic(2)) ^►H°(P3,0(2)) ^>H°(C, 0(2)10) ^►Hi(p3,Zc(2)) ^ ... 

Now 

llHC,O{2)\c)^ll''iC,O{-2)\c^L0cy 

vanishes so h°{C,0{2)\c) = 9 by Riemann-Roch, whereas h°{F^,0{2)) = 10. 
Therefore h'^{¥^ ,Xc{2)) > 1 and C is contained in at least one quadric. But if 
C were contained in two distinct quadrics then it would have degree at most 
four. Note that this argument is valid whether C is smooth or singular. 

In the relative setting, we see that Y will be contained in a unique hyper- 
surface given by the zero locus of a section 

q e li"{P{nl,), Op(oJj(2) ® h*Op.{d)) = H"(y, 0{d + 2, 2)\v) 

for some integer d. By Lemma H] (2), d must be at least —2 for this space of 
sections to be non-trivial. 

A similar computation as above shows that the space H"(P'^,Ic'(3)) of cu- 
bics containing C is five-dimensional. Four of these dimensions come from the 
following subspace 

H°(p3,Ic(2)) ® H°(P3,C'(1)) ^ H"(p3,Ic(3)) 

corresponding to cubics containing the quadric. Then C is the complete in- 
tersection of the quadric and any cubic which does not contain the quadric. 
Because the cubic is only determined up to addition of a linear multiple of the 
quadric, extending this to the relative setting requires some care. 

Claim: There is a hypersurface given by the zero locus of a section 

c G H0(P(l]i4), Op(j^ij(3) <E> h*Or.{e)) = ll"{V, 0{e + 3, 3)|y) 

such that Y is the complete intersection of the zero loci of q and c. 

Because each degree six curve in P^ is the complete intersection of a quadric 
and a cubic, the required 'relative cubic' exists locally in the base P**. In other 
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words, there exists an open cover {Ui} of such that Y\iJi is the complete 
intersection of the quadric {q = 0} and a hypersurface in Vi := P(f2p4)|[/. given 
by the zero locus of a section 

c, GH0(K:,Op(nij(3)|yJ. 

On an intersection ViCiVj, Ci and Cj must agree up to addition of a linear multiple 
of q and up to an overall factor. The "overall factor" in this context is really 
the pull-back of a regular function g^j on Ui H Uj C P'*, which is non- vanishing 
on U, n Uj. Thus 

Ci = h*g^j{cj + lijq). 

It is clear from the above equation that the gij must satisfy gji = g~j^ and 
gik = gijgjk. In other words, they can be regarded as transition functions for a 
line bundle on P*, which can be absorbed into the definition of the Ci by thinking 
of the relative cubics as sections 

c, e H° (1/,, J (3) ® /i* Op4 (e) I y, ) . 
for some integer e. Then 

Ci — Cj -\- lijq^ 

and to preserve degrees the 'relative linear forms' kj must be sections 
Now 

(I'lj + Ijk - kk)q = (Ci -Cj) + {Cj - Ck) - [Ci - Ck) = 

and therefore [lij] defines a class in 

H'mnl,), ® h*Or.ie - d)) = R^iV, 0(1 + e - d, l)\v). 

By Lemma 13] (3), this cohomology group is trivial. Therefore we can write 

kj ^ mi - rrij 

and replace Ci by Ci := Ci — rriiq. On the overlap Vi DVj, 

Ci — Cj — Ci — rriiq — Cj + nijq — lijq — ruiq + rrijq = 0, 
so the relative cubics Ci patch together to give a global section 

c G H0(P(17i4), Op(nj,)(3) ® h*Op4e)) = H"(y, 0(e + 3, 3)|y), 
proving the claim. 

By Lemma m (2), e must be at least —3 for the above space of sections to be 
non-trivial. 

Claim: d = —2 and e — —3. 

By Lemma [5] (7) we know that R^tt^,Oy = ^pi- Thinking of Y as the 
complete intersection of the hypersurfaces {q = 0} and {c = 0} in we compute 
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this a second time using the projection h : V F^. We start with a resolution 
of Oy by locally free sheaves: 

Op(oij(-2)®/i*Op4(-d) 
0^Op(oij(-5)®/i*Op4(-d-e)^ ' ® ^Op(aij^Oy 

Op(nJj(-3)®/i*Op4(-e) 

Since h : V ^ is a P'^-bundle, and and vanish for all line bundles on 
P^, we deduce that and R^h^ must vanish for all of the line bundles in the 

above resolution. This implies that the spectral sequence for R'h^, degenerates 
and yields 

R^KOy ^ (0p(nij(-5)(8)/i*Op4(-d-e)) 
^ Op4{~d-e)®R^K(Or^nl,)i-5)) 
= Op4 {-d - e) (g) (^K (Cp(i2ij (5) ® uJh^ ) 
^ C'p4(-rf-e)(g) (/i, (c'p(oij(5)(8)C'p(oij(-4)g)/i*w^4))'^ 

= Op4(-rf - e) (g) u;p4 g) ^ft,*Op(f2i^)(l)^ 
= C'p4(-rf - e - 5) (g) rij4 
where we have used relative Serre duality on the third line and the fact that 

UJv = Wp4>,(p4)v g) 0(1, l)|y ^ 0(-4, -4)|y = Op(oij(-4) 

on the fourth line. Since R^h^,OY — R^TTt,OY — f^p4, we conclude that d + e 
must equal —5. Since d > ~2 and e > — 3, we must have equality, proving the 
claim. 

We have proved that Y C V is the complete intersection of the zero loci 
of sections q and c of O{0,2)\v and 0(0, 3)|y, respectively. By Lemma |4] (2), 
these section lifts to sections of 0(0, 2) and 0(0, 3) on P'' x (P^)^^ which define 
a degree six K3 surface S in (P^)^, the intersection of a quadric and a cubic. 
The projection j : V (P"*^)^ expresses F as a P'^-bundle over S. In particular, 
S must be smooth since Y is smooth by the last part of Lemma [21 

VdY 

p4 (p4)V 3 g 

Moreover, each P^ fibre of ft- : V — P^ is mapped to a hyperplane in (P^)^ by j, 
and therefore each curve Yt is mapped (isomorphically) to a hyperplane section 
of S* C (P'*)^ by j. Therefore the family of curves Y/P"^ is a complete linear 
system of curves in a K3 surface, completing the proof. □ 
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3.3 Genus five 

Theorem 9 Let Y — > P'"' be a flat family of integral Gorenstein non-hyperelliptic 
curves of genus five whose compactified relative Jacobian X ^ J (K/P^) is a 
Lagrangian fibration. Then X is a Beauville-Mukai integrable system, i.e., the 
family of curves is a complete linear system of curves in a K3 surface. 

Proof By Theorem [3] (2), the relative canonical map 

Y ^¥{9.1^^) = y c P^ X (P^)"" 

is a closed embedding, with each curve Yt embedded as a degree eight curve in 
the corresponding P'' fibre of P(17p5). We regard F as a subvariety of V . 

Recall that a degree eight curve C in P^ is the complete intersection of a net 
of quadrics: the short exact sequence 

0^Xc(2)^O(2)^O(2)|c^0 

gives rise to a long exact sequence 

H0(P^Zc(2)) -> H"(P4, 0(2)) ^ H"(C, 0{2)\c) ^ Hl(P^Ic(2)) ^ . • . 

Now 

Hi(C, 0{2)\c) = h0(C, 0{-2)\c ® ujcY 

vanishes so h^{C,0{2)\c) = 12 by Riemann-Roch, whereas h°{f^,0{2.)) = 15. 
Therefore h^{¥''^ ,Xc{2)) > 3 and C is contained in at least three independent 
quadrics. Since four independent quadrics would intersect in a zero-dimensional 
variety, /i"(P'',2'c'(2)) must be exactly 3 and thus C is contained in a net of 
quadrics. Note that this argument is valid whether C is smooth or singular. 
In the relative setting, we see that Y will be the zero locus of a section 

q e H°(P(17i5), Op(ni,)(2) ® h*E) = H"(F, h* E (2) fO i2)\v) 

for some rank-three vector bundle on P^. 

Claim: The first Chern class of E is —6. 

By Lemma[2](7) we know that R^tt^^Oy = ^ps- Thinking oiY as a subvariety 
oiV, we compute this a second time using the projection h : V ^ F^. We start 
with a resolution of Oy by locally free sheaves: 

Op(s:2jj(-6) (K) h*A^E'' -> 0,(^^1^) (-4) h*A^E'' 

^ Op(njj(-2) h*E'' -> Op(oi^) -^Oy^O 

Since ft, : 1^ — > P^ is a P'*-bundle, and H^, H^, and vanish for all line bundles 
on P**, we deduce that _R^/i», R^h^,, and R^h^ must vanish for all of the bundles 
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in the above resolution (excluding Oy, ol course). This imphes that the spectral 
sequence for R*h^ degenerates, and yields 

R^KOy = (Op(njj(-6)(8)/i*A3£;^) 
- A3i?^®i?4/i, (0p(f2i^)(-6)) 

= A^£:^ ® wps (g) (^/i*Op(sij5)(l)) 
= A^£;''(-6)(gl7ij.5 

where we have used relative Serre duality on the third line and the fact that 

ujv = a;p5x(P=)^ ^ 0(1, l)|y ^ C(-5, -5)|y C'p(Qi^)(-5) 

on the fourth line. Since i?^/i*C'y = R^tt^,Oy — rip5, we conclude that A'^i?^(— 6) 
is trivial. In other words, A^E = Ops (—6), proving the claim. 

Case 1: Suppose is a direct sum 0{di ) (B 0{d2) ® 0(^3) of line bundles on 

If E splits into a direct sum of line bundles, then the 'relative net of quadrics' 
q decomposes into three 'relative quadrics' 

e H"(P(f7i5), Op(oJ,)(2) <E> h*Op.(d^)) = B°{V, 0{d, + 2, 2)|y) 

for i— 1, 2,3. By Lemma 2] (2), each di must be at least —2 for these spaces of 
sections to be non-trivial. But by the above claim, ci{E) — di + d2 + d:^ = —6, 
so we must have equality di = d2 = d^ = —2. 

We have proved that Y <zV is the complete intersection of the zero loci of 
three sections qi of 0(0, 2)\v- By Lemma|3](2), these section lifts to sections of 
0(0, 2) on ¥^ X (P5)^, which define a degree eight K3 surface S in {T^Y , the 
intersection of a net of quadrics. The projection j : V ^ (P^)^ expresses Y as 
a P'*-bundle over S. In particular, S must be smooth since Y is smooth by the 
last part of Lemma [51 

VdY 

p5 (p5)V 3 g 

Moreover, each P* fibre of ft- : — P^ is mapped to a hyperplane in (P^)^ by j, 
and therefore each curve Yt is mapped (isomorphically) to a hyperplane section 
of S* C (P^)^ by j. Therefore the family of curves Y/P^ is a complete linear 
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system of curves in a K3 surface, completing the proof in Case 1. 

Case 2: The general case. 

We will compute the degree of the discriminant locus A C parametrizing 
singular curves in the family Y ^ (equivalently, singular fibres of the La- 
grangian fibration X — > P^), and then apply a theorem of the author [22]. The 
degree of A can be computed using Chern classes. Recall that Y is the zero 
locus of the section q, which can be regarded as a morphism 

Cp(f2i5)(-2) h*E. 

To find singularities in the fibres oiY^P^, we consider 

Tp(nij/p5(-2) h*E 

where on the left we have the relative tangent bundle of F{ilpz)/¥^ and the 
derivative dq of q is only in the fibre direction. Now dq is a morphism from a 
rank-four bundle to a rank-three bundle, which will be generically surjective, 
so its kernel is a line bundle L on P(r2p5). Moreover, dq is locally given by a 
4x3 matrix, so it will drop rank on a codimension two subset i : E ^ P(i^p5 ) . 
The cokernel of dq will look like where is a rank-one sheaf on E. We 
therefore have an exact sequence 

^ L ^ rp(oi^)/p5(-2) -% h*E i^T 0. 

We can use this to compute the first Chern class 

ci(i) = ci(Tp(j^ij/p5(-2)) - ci{h*E), 

thereby determining L, and the second Chern class 

Of course, the class \Y] of Y can be computed from the resolution 
^ Opmi )(-6) ® h*A^E'' Opmi ^(-4) ® h*A'^E'' 

^ Op(jji^)(-2) h*E'' ^ Op(oij -^Oy^O. 

Combining these, we obtain the class [F n E] — [Y] D [E] of the locus of singular 
points of curves in the family Y/¥^. If we restrict to a generic line £ CF^, then 
the pencil of curves Y\i £ = P^ will contain exactly degA singular curves, 
each with a single simple node. The degree of A can therefore be computed 
from the bidegree of fl E] . 

Now the only dependence on E in the above calculation is through its Chern 
classes. Moreover, when we restrict to a line € C P^, only the rank and first 
Chern class of E will appear, and these are the same as the rank and first 
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Chern class of 0{-2) © 0(-2) ® 0(-2). But by Case 1, we know that we get a 
Beauville-Mukai integrable system if E ^ 0{-2) ® 0(-2) © 0(-2). Therefore, 
for general E the degree of A will be the same as for the Beauville-Mukai system; 
this was computed to be 6n + 18 48 in Section 5 of [H]. Finally, the main 
result of [22] states that (given a flat family 1^ ^ P" of integral Gorenstein 
curves whose compactified relative Jacobian X — )■ P" is a Lagrangian fibration) 
X is a Beauville-Mukai integrable system if degA > 4n + 20. This is clearly 
satisfied in our case, since n = 5 and degA = 48 > 4n + 20 = 40. This completes 
the proof. □ 

Remark We see, a postiori, that E{2) must be trivial. It would be nice to 
have a direct proof of this fact. Of course, there exist indecomposable rank-three 
bundles on P^ with vanishing first Chern classes, as constructed by Horrocks 'Tl]. 
But a calculation shows that }i°{V,h*E{2) (g) j*0(2)|y) vanishes if E{2) is a 
Horrocks bundle (at least for the "parent bundle"), so they cannot be used to 
define families of genus five curves Y/F^. 



4 Hyperelliptic curves 
4.1 Genus two 

The following result was originally proved by Markushevich |15| ; our proof uses 
essentially the same ideas, with some simplifications. 

Theorem 10 Let y — > 6e a flat family of integral Gorenstein curves of 
genus two whose compactified relative Jacobian X — J (K/P^) is a Lagrangian 
fibration. Then X is a Beauville-Mukai integrable system, i.e., the family of 
curves is a complete linear system of curves in a K3 surface. 

Proof By Theorem[31 integral Gorenstein curves of genus two must be hyperel- 
liptic (note that there exists an integral non- Gorenstein non-hyperelliptic curve 
of genus two: it has a single singularity which looks locally like the intersection 
of the axes in C"^, and its normalization is P^). Moreover, the relative canonical 
map 

is two-to-one and onto, with each curve Yt a two-to-one cover of the correspond- 
ing P^ fibre of P(r2p2) branched over six points, counted with multiplicity. Thus 
the branch locus i? C V of the two-to-one map Y will be the zero locus of 
a section in 

H"(P(f}i.), (^p(oi,)(6) ® h*Or2{2d)) = E°{V, 0{2d + 6, 6)\v) 

for some integer d. By Lemma |4] (2), d must be at least —3 for this space of 
sections to be non-trivial. 

Claim: d = —3. 

By Lenima[2](7) we know that R^Tr^,OY = ^p2- On the other hand, tt : y — s- 
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P2 is the composition of the maps g : Y ^ P(f^p2) and h : F{nl,2 ) ^ P^- The 
first direct image R^g* must vanish, since 5 is a two-to-one map, and 



because the branch locus is B. To obtain i?^7r,Oy we apply R^h^, to the above. 
The first term R^h^:Op(^^i^'j vanishes, and thus 

R\,Oy ~ R^K {g^Oy) 

- R'K (Op(oi^)(-3) ® /i*Op2(-d)) 

= Op2(-d) ® (Op(nij(-3)) 

^ e)p2 {~d) ® (/i, (Cp(oJ, ) (3) ® w,,) ) 

= C'p2(-d) ® (/i, (c>p(ojj(3) ® C'p(j^i^)(-2) (g) /i*u;;2))'' 

= Op2{-d) (g)UJp2 g) (^ft,*C'p(nj3)(l)^ 

^ C'p2 (-d - 3) g) flj,2 

where we have used relative Serre duality on the fourth line and the fact that 
ujv = u;p2>,(p2)v g) 0(1, l)|y ^ 0{-2, -2)\v = C'p(oi^)(-2) 

on the fifth line. Since -R^Tr^Oy- = flp2, d must equal —3, proving the claim. 

We have proved that F is a double cover of V branched over the zero locus 
B of a section of 0(0, 6)|v. By Lemma |4] (2), this section lifts to a section of 
0(0, 6) on X (P^)^, and we can define a K3 surface 5* as the double cover of 
(P^)^ branched over this sextic. The composition of maps 

Y -^V ^ (p2)^ 

factors through 5, and thereby expresses K as a P^-bundle over S. In particular, 
5 must be smooth since Y is smooth by the last part of Lemma [51 

Y 

ig \ 

V s 

p2 (p2-)V 

Moreover, each P^ fibre of /i : V — > P^ is mapped to a line in (P^)^ by j, and 
the corresponding curve Yt is mapped (isomorphically) to the inverse image of 
that line in S. Therefore the family of curves F/P^ is a complete linear system 
of curves in a K3 surface, completing the proof. □ 
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4.2 Reducible curves 

The canonical map of a genus three hyperehiptic curve C wih map C two-to-one 
onto a conic in P^. Given a family of conies, we naturally expect there to be 
reducible conies (pairs of lines) in codimension one; a two-to-one cover of a pair 
of lines will likewise be reducible. Consequently, we expect that a family Y/P^ 
of hyperelliptic curves of genus three will contain reducible curves, and it is no 
longer reasonable to include integrality of the curves as a hypothesis. 

A survey of different approaches to compactifying the Jacobian of a reducible 
curve can be found in Caporaso [5 . Many authors consider only curves with 
at worst ordinary double points, which is insufficient for our purposes. The 
most versatile approach seems to be to define the compactified Jacobian as a 
certain connected component of the Simpson moduli space of stable sheaves 
on the curve |23j . When the curve has only ordinary double points, this com- 
pactification of the Jacobian is isomorphic to those constructed by Oda and 
Seshardi JTW and Caporaso [4j , as was shown by Alexeev [1] . But it also applies 
to curves with more general singularities; for example, Lopez-Martin [14, used 
this approach to describe compactified Jacobians of tree-like curves and singular 
genus one curves of Kodaira type /„, ///, and IV. 

Definition Let C be a reduced curve of arithmetic genus n, with polarization 
H . The Simpson Jacobian jfC is the moduli space of invertible sheaves on C 
of degree d which are stable with respect to the polarization H . The compacti- 
fied (Simpson) Jacobian J C is the moduli space of stable rank-one (on every 
irreducible component) torsion-free sheaves on C of degree d. 

Remark The Hilbcrt polynomial x(L (g) Oc{mH)) of a rank-one torsion-free 
sheaf L on C is a linear function am -\- b. Simpson defined the slope of L to be 
fiH{L) :— b/a. Then L is stable if its slope is greater than the slope of every 
proper non-trivial subsheaf. Similarly, L is semi-stable if its slope is not less 
than the slope of every proper non-trivial subsheaf. 

Remark By carefully choosing the degree d and the polarization H, we can 
usually ensure that every semi-stable sheaf is automatically stable. If this were 
not the case, it would be natural to enlarge the above moduli spaces to include 
(equivalence classes of) semi-stable sheaves. 

We illustrate this definition with some examples. 

Example Let C be a curve of arithmetic genus n consisting of two smooth 
irreducible curves Ci and C2, touching at a pair of points. Thus the normaliza- 
tion C is the disjoint union Ci U C2, there are points pi and qi in Ci and p2 
and q2 in C2, and C is given by joining pi to p2 and qi to q2, producing a pair 
of simple nodes. If Ci has genus ni and C2 has genus 712, then n = ni -I- rt2 + 1- 
A degree d line bundle L on C will consist of a degree di line bundle Li on 
Ci and a degree ^2 = d — di line bundle L2 on C2, plus choices of isomorphisms 
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(ii)pi = {L2)p2 and (ii)gi = {L2)q2 up to an overall rescaling by C*. This 
yields an exact sequence 

^ C* ^ J^C ^ y J'^i Ci X J'^^Ca ^ 0. 

<il+(i2=d 

Clearly having infinitely many connected components is unmanageable, which 
is one reason to introduce the stability condition. Suppose that the polarization 
H has degree hi on Ci and degree h2 on C2. The Hilbert polynomial of L is 



X{L 0{mH)) = {hi + /i2)m + d + 1 - n 



and its slope is 



d+l-n 



hi+ h2 

Now there is a surjection L ^ L ® = -^2 whose kernel 



C2CC 



Hpi.'jilcCi 



ii(-_pi - qi) 



has Hilbert polynomial 

X(2vi(-pi - qi) ® 0{mH)) = him + di - 2 + I - ni 

and slope 



fJ-niLii-Pi - qi)) = 



di — 1 — ni 
hi ■ 



Since Li(—pi — qi) is a subsheaf of L, stability of L implies 

di — 1 — ni d + 1 — n 
hi hi + h2 

Similarly, L2{-~P2 ^92) C L and stability of L implies 

c?2 — 1 — ?^2 d + 1 — n 
/i2 hi + h2 

In this example, the above two inequalities are sufficient to establish the stability 
of L (sec Lemmas 3.3 and 3.4 of Lopez-Martin |14j). 

For reasons which will become apparent shortly, let's assume that rii and n2 
are both positive and H has degree hi = 2ni on Ci and degree /12 = 2n2 on C2. 
Since d = di + c?2 and n — ni + n2 + 1, the above inequalities become 



di 



ni 



ni + n2 



< 1 



and 



d2- 



n2 



ni + n2 



< 1. 



Case 1: If nid/{ni + 71,2) is not an integer (equivalently, if n2d/{ni +n2) is not 
an integer) then there are two solutions which we will write as 



(c?i, (i2) = (ei + 1, 62) and (ei,e2 + l). 
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The Simpson Jacobian of stable invertible sheaves on C fits into the exact se- 
quence 

^ c* ^ jfc r'+^Ci X r^C2 \_\ r'Ci x r^+^C2 o. 

Case 2: If nid/{ni + 112) is an integer (equivalently, if n2d/(ni + 7^2) is an 
integer) then there is one solution 



{di,d2) = (61,62) 



ni + n2 J \ni +n2 



The Simpson Jacobian of stable invertible sheaves on C fits into the exact se- 
quence 

^ c* ^ jfc r'Ci X r^C2 o. 

We compactify jfC by adding stable rank-one torsion-free sheaves. In the 
first case, jfC consists of two C*-bundles, over the {n — l)-dimensional abelian 
varieties J'^^^-^Ci x J^^C2 and J'^^Ci x J'^^^-^C2, respectively. These are com- 
pactified by adding zero and infinity sections, sj and s^, respectively, Sq and s^, 
to produce P^-bundles Pi and P2. The disjoint union Pi U P2 is the normaliza- 
tion of the compactified Jacobian; it can be regarded as the scheme representing 
the Presentation Functor (see Altman and Kleiman [5]), or more precisely, an 
analogue of the Presentation Functor in the reducible case. 

The compactified Jacobian J C itself is obtained by gluing s}^ to Sq and 

to sj. Topologically J C looks like an /2-bundle over an {n — l)-dimensional 
abelian variety. However, the zero and infinity sections are identified via the 
isomorphisms 

si, = r'+^Ci X r^C2 r^Cix r^+^C2 = sl 

(Li,L2) ^ (Li(-gi), 2.2(92)) 



and 



s 



(Li,L2) ^ (Li(pi),L2(-P2)). 



Consequently, the complex structure is not that of an /2-bundle. 

We will avoid the second case, which is more complicated. Although J^C 
now consists of a single C*-bundle over an [n — l)-dimensional abelian variety, 
it is not possible to compactify it without adding strictly semi-stable sheaves, 
such as invertible sheaves with (c?i, c?2) — (ei -I- 1, 62 — 1) or (ei — 1, 62 4- 1). 

The compactified Jacobian in the next example was described by Lopez- 
Martin [M] in the case when the genera ni and n2 are both zero (i.e., C is a 
singular genus one curve of Kodaira type ///). The higher genera cases can 
be deduced from this by generalizing the Presentation Functor [2] to reducible 
curves. 
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Example Let C be a curve of arithmetic genus n consisting of two smooth 
irreducible curves Ci and C2, touching tangentially at a point. Thus the nor- 
malization C is the disjoint union Ci U C2, there are points pi in Ci and p2 in 
C2, and C is given by joining pi to p2 producing a tacnode. If Ci has genus ni 
and C2 has genus 712, then n = ni + 712 + 1. 

Note that C is the limit of the previous example, when we let qi — ^ pi and 
92 P2- In this sense, the relation between these two examples is similar to the 
relation between an irreducible curve with a node and an irreducible curve with 
a cusp, and one will notice the similarities between their compactified Jacobians 
(as described in Subsection 2.1 of [22]). 

A degree d line bundle L an. C will consist of degree di and d2 line bundles 
on Ci and C2, respectively, plus a choice of isomorphism (ii)pi = (-^2)^2 ^'^.d 
compatible isomorphism of jet bundles (Jet^Li)pj = (Jet^L2)p2 to an overall 
rescaling by C*. This yields an exact sequence 

di+d2=d 

As in the previous example, one can determine the conditions on the degrees di 
and (^2 in order for L to be stable. If ni and ri2 are both positive and H has 
degree hi = 2ni on Ci and /i2 = 2^2 on C2, then L is stable if and only if 



di - 



ni 



ni + 712 



< 1 and 



"-2 



711 + 772 



< 1. 



Once again, there are two cases. We will only consider the first case, when 
nid/{ni + 772) and n2d/{ni + 77,2) are not integers, which yields two solutions 

(di, (i2) = (ei + 1, 62) and (ei,e2 + l). 

The Simpson Jacobian of stable invertible sheaves on C fits into the exact se- 
quence 

o^c^ jfc ^ r^+^Ci X r^C2 \_\ r-'Ci x r^+^C2 o. 

Thus J^C consists of two C-bundles, over the (77 — l)-dimensional abelian 
varieties J'^^+^Ci x J'^^C2 and J^^Ci x J'^^+^C2, respectively, which we com- 
pactify by adding infinity sections sj^ and s^, thereby producing P^-bundles 
Pi and P2. The disjoint union Pi U P2 is the normalization of the compacti- 
fied Jacobian; it can be regarded as the scheme representing the Presentation 
Functor corresponding to the partial normalization Ci * C2 — >■ C, where Ci * C2 
denotes the curve obtained by joining pi £ Ci to p2 G C2 producing a simple 
node (rather than a tacnode). 

The compactified Jacobian j'^C itself consists of Pi and P2 touching 'tan- 
gentially' along s]^ and s^. In other words, we identify s]^ with using the 
isomorphism 

^ j^i+iCi X .r-C2 r'Ci X .r^+^C2 - 

(Li,i2) ^ {Li{-pi),L2{p2)) 
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and we identify a vector field along s]^ with a vector field along s^. The 
vector field points out of s^^, and if we project down to J'^'-^^Ci x J'^^C2, we 
get a vector field dTT{v^) which at each point ((71,92) £ J^^+^Ci x J'^^C2 points 
in the direction of the curve Ci , if we take some Abel embedding 

Ci ^ r'+^Ci ^ r'+^Ci X {52} c j^^i+^Ci x r'-C2 

and then translate it so that pi G Ci is mapped to (gi, 92) G J'^^^^Ci x J'^^C2- 
In particular, is not tangent to the fibres of Pi. The vector field is 
defined in a similar way. 

Gluing sj^ to and identifying with creates a family of tacnodes 

along the image Sing j'^C of s]^ (and s^): locally j'^C looks like the product 
of a tacnode and C""^. Let (zi, Z2, z„) be local coordinates on Pi, with sj^ 
given by zi = and given by + Similarly, let (wi, W2, it'n) be 
local coordinates on P2 , with given by wi = and given by + . 

Locally, the map to j'^C is given by 
/(zi,Z2, . . . ,z„) = (zf,Zi,Z2 - zi,Z3, . . . ,z„) e {{x,y,z, . . .) e C"+^|y^ = a;"'} 
on Pi and by 

/(wi, W2, . . . , w„) = (w?,u;i, W2, . . . , w„i+2-wi, . . .,Wn) £ {{x,y,z, . . .) e C"+^|y^ 

on P2 ■ Note that pairs of fibres in Pi and P2 combine to give curves * P^ 
in J C with simple nodes, rather than with tacnodes. Specifically, take a P^ 
fibre of Pi given by keeping Z2, . . . , Zn constant and a fibre of P2 given by 
keeping 'W2, ■ ■ ■ ,u)n constant. If 

(Z2, . . . , Z„) = {W2, ■ . . ,Wn) 

then the image of these rational curves in J C will meet and produce a nodal 
curve P^ * P^, rather than a singular genus one curve of Kodaira type ///. 

Next we want to extend the preliminary results of Lemma [2] to the reducible 
case. We need some restrictions on the curves. The following definitions are 
from Catanese [?]■ 

Definition A reduced curve C is said to he canonically positive if it is Goren- 
stein and if for every irreducible component Ci of C the degree of uJc\Ci = 
uJc ^ is positive. 

Remark Note that C is Gorenstein if and only if ujc is an invertible sheaf, 
which is needed to define the degree. By Lemma 1.12 |7j, Ic-d ® Od is 
invertible, 

and 

degujc\c, = degwc, + Ci • (C - C^). 



4.2 Reducible curves 



21 



Therefore the degree of oJcld is only non-positive if Ci is a rational curve that 
intersects the rest of C in at most two points (counted with multiplicity) or an 
isolated elliptic curve. Rational components intersecting the rest of C in one 
or two points are 'redundant' in two different senses: they are contracted by 
the canonical map, and collapsing them does not change the Jacobian or com- 
pactified Jacobian of the curve (though in a family, collapsing some components 
could create singularities in the total space). Therefore, we can say that a con- 
nected curve C is canonically positive if it does not contain redundant rational 
components. 

Remark In Caporaso, Coelho, and Esteves [B] canonically positive curves are 
called "G-stable". Note that a canonically positive curve C with only simple 
nodes will be a stable curve. 

Remark If C is canonically positive, then H — ujc is a natural polarization on 
C. Indeed, this is precisely the polarization we used in the two examples above. 

Definition A curve C is 2-connected if for each decomposition C — Ci U C2, 
with Ci n C2 of dimension zero, we have Ci • C2 > 2. 

Remark If a connected curve C is canonically positive, then 



and only genus one components Ci that intersect the rest of the curve in one 
point will be contracted by the canonical map of C . Such components cannot 
exist if C is also 2-connected. Therefore, if C is both canonically positive and 2- 
connected, then its canonical map does not contract any irreducible component 



Example One reason to avoid curves which are not 2-connected is that their 
Simpson Jacobians could be empty. For example, suppose that C consists of two 
smooth irreducible curves Ci and C2, of the same genus ni = 712 > 0, touching 
at a single point. The polarization H = ujc has degree hi = 2ni — 1 on Ci and 
degree /i2 = 2n2 — 1 on C2. In this case, the stability conditions for a degree 
d = di + d2 line bundle on C are 



and there are no solutions if d is odd. 

Lemma 11 Let C be a canonically positive 2-connected curve. Then the Abel 
map, which takes a point p € C to m* G J C, is an embedding. 

Proof This lemma follows from results of Caporaso, Coelho, and Esteves. By 
Proposition 2 of [6|, if C is "free from separating nodes" (i.e., 2-connected) 
and "G-stable" (i.e., reduced, Gorenstein, and with ample dualizing sheaf; or in 



degwcici = degcjc, + Ci ■ (C - C,) > max{dega;Ci, 1} 



of C. 




d < — and 
2 
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other words, canonically positive) then the Abel map embeds C in the scheme 
parametrizing stable rank-one torsion-free sheaves on C of degree one. Note 
that their definition of stability looks slightly different to ours, but in fact they 
are equivalent. We will just demonstrate a few of the simpler aspects of this 
result. 

For a point p in the smooth locus of C, let us verify that m* = C'c(p) is 
stable. Let Ci be an irreducible component of C of arithmetic genus and with 
Ci-{C — Ci) = 6i. Then the polarization H = loc has degree hi = 2ni — 2 + Si > 
on Ci- Summing over all irreducible components, we find 



which can be used to show that the stability conditions for a degree d = di + 
. . . + dk line bundle on C are 



Now Ocip) has degree = 1 on the component Ci containing p, and degree 
dj = on all other components. These values satisfy the above inequalities, 
since 2-connectivity of C ensures that Sj > 2 for all j, and therefore Oc{p) is 
stable. 

Next we show that ii p q are points in the smooth locus of C, then 
Ocip) ^ Oc{q)- If these line bundles are isomorphic, then Oc{p — q) has 
a nowhere vanishing section, i.e., there is a rational function f on C with a 
single pole at p and a zero at q. If p and q lie in different components, then / 
must vanish identically on the component containing q, contradicting the fact 
that / came from an isomorphism Oc{p) = C'c(<7)- If P 3'iid q lie in the same 
component Ci, then / defines an isomorphism Ci ^ P^. Moreover, / must be 
constant on all connected components of C — Ci. By 2-connectivity, there is 
a connected component of C — Ci which intersects Ci in at least two points 
(counted with multiplicity); then / takes the same value at these two points, 
contradicting the fact that /: Ci —>■ is an isomorphism. 

We've shown that the Abel map is birational onto its image in J C. For the 
proof that it is actually an embedding we refer to [6]. □ 

Example Let C consist of two smooth curves Ci and C2 touching at a pair of 
points, as in the first example of this subsection. The Abel map of C, restricted 
to Ci — {pi, gi}, gives a lift of the Abel embedding 



of Ci itself to the C*-bundle over J^Ci x J°C2 which makes up one connected 
component of JlC. This lift extends to an embedding of Ci into the P^-bundle 





Ci - {pi, gi} c Ci JVi ^ J^Ci X {OcJ C J^Ci x J°C2 



Pi 



Pi 

Ci ^ J^CiX JOC2. 
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Similarly, we have an embedding C2 ^ P2- When we glue sj!^ C Pi to Sq C P2, 
qi G Ci is glued to (72 £ (^2- Similarly, when we glue C P2 to Sq C Pi, 
P2 G C2 is glued to pi G Ci. The result is an embedding of C in J C. 

Lemma 12 Let Y B be a flat family of (reduced) canonically positive 2- 
connected curves over a projective manifold B, such that the compactified relative 
Jacobian 

X^Y{Y/B) 

is a Lagrangian fibration over B. (The relative compactified Jacobian j'^ is 
defined in terms of the Simpson moduli space of stable sheaves 114\ 123}/ with 
respect to the relative polarization H = UJy/B- We implicitly assume that d 
has been chosen so that every semi-stable sheaf is automatically stable, since 
otherwise X would not be compact.) Then 

1'. every curve in the family Y/ B has arithmetic genus n, 

2'. the base B is isomorphic to P", 

3'. the generic curve in the family Y/ B is a smooth genus n curve, 

4-'. there is a hypersurface A C P parametrizing singular fibres of n : X ^ B 
(equivalently, singular curves in the family Y/B) and a curve above a 
generic point A will either be irreducible and contain a single simple node, 
or will consist of two smooth irreducible curves touching at a pair of points 
(as in the first example of this subsection) , 

6'. the first direct image sheaf R^Tr^,Ox is isomorphic to flp„, where tt denotes 
the projection X ^ P ~ P", 

7.' if d ~ 1, the first direct image sheaf R^n^^Oy is isomorphic to Vl^n, where 
TT denotes the projection y ^> P = P" . 

Proof The proofs of statements (1'), (2'), and (6') are the same as in the 
irreducible case; see Section 2.2 of Part I [22]. 

For statement (3'), the generic fibre of the Lagrangian fibration X/B is a 
smooth n-dimensional abelian variety. The only way for this to arise as the 
compactified Jacobian of a curve is if the curve Yt is tree-like. But since Yt is 
also 2-connected, it must consist of a single smooth component. 

The proof that A C P is a non-empty hypersurface is the same as in the 
irreducible case. Note that Xt is smooth if and only if Yt is smooth, by the 
argument in the previous paragraph. Now suppose that C — Yt '\s a, generic 
singular fibre of Y/B, with compactified Jacobian J C. If the normalization C 
of C consists of a disjoint union 

Ci U C2 U . . . U Cfc 

of smooth curves of genus ni, n2, etc., then the same argument as in the irre- 
ducible case shows that the total genus ni + . . . + of C must equal n — 1. 
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This means that the dual graph of C has at most one loop. Using the facts that 
C is both canonically positive and 2-connected, we deduce that there are just 
four possibilities: either C is irreducible with a single node or a single cusp, or 
C consists of two smooth curves Ci and C2, with ni > and n2 > 0, touching 
at a pair of points or at a tacnode (as in the two examples at the start of this 
subsection). We already ruled out the cuspidal curve in the irreducible case, 
and the tacnodal curve can be eliminated by a similar argument. Namely, if 
such a curve occurred as a generic singular curve in codimension one, then the 
image of the pair of fibres of Pi and P2 would be a characteristic 1-cycle on 
J C. However, we saw that these fibres combine to give a curve P^ * P^ in 
J C, which is not an allowable characteristic 1-cycle according to Hwang and 
Oguiso's classification [12]. This proves statement (4'). 

Finally, we consider statement (7'). Since the curves in the family Y/B all 
have arithmetic genus n, R^'k^Oy is locally free of rank n with fibre 

over the point t ^ B. Since d = 1, the relative Abel map gives a canonical map 

Y ^ X ^1^{Y/B). 

which is an embedding by Lemma [TTl We identify Y with its image in X. The 
short exact sequence 

O^Iy ^Ox ^Oy 
yields the long exact sequence 

R^tt^Iy R^n^Ox ^ R^tt^Oy ^ R^tt^Iy- 

It remains to show that a is a surjection over B\Aq, where Aq C A parametrizes 
non-generic singular fibres and is codimension two in B: since -R^tt^Cx and 
/J^TT^Oy are both locally free of rank n on B, surjectivity of a will imply that 
a is an isomorphism over i?\Ao. Moreover, Hartogs' Theorem will then imply 
that a can be extended to a morphism 

R\,Vx — > R^tt^Oy 

over all of -B, which must also be an isomorphism. 

Let t e B\Ao. lit^A, or if t is a generic point of A and Yt is an irreducible 
curve with a single simple node, then 

iR^7T,Ox)t = HHXt, Ox,) = HHYt, OyJ = 
by Lemma 7 |22j . It remains to show that the map 

ll\Xt,OxJ ^li\Yt,OY) 

induced from the Abel embedding Yt Xt is surjective when C — Yt consists 
of two smooth irreducible components Ci and C2 touching at a pair of points. 
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The compactified Jacobian Xt — J C was described in the first example of this 
subsection. Let g : Ci U C2 — C and g : Pi U P2 J C he the normahzations 
of C and J C, respectively. We obtain the following commutative diagram 

^ Oji^ ^ g*Op,uP, ^0^0 

^ Oc ^ g*Oc,uc, g' ^ Q 

where Q is supported on the singular locus Sing J^C, which consists of two 
(n — l)-dimensional abelian varieties, and Q' is supported on the pair of nodes 

of C . The first vertical arrow comes from the Abel embedding of C in J C. 
The second vertical arrow comes from the embeddings Ci ^ Pi and C2 ^ 
P2 , as described in the example following Lemma 1111 Finally, under the Abel 
embedding C ^ J C, the images of the two nodes of C lie on SingJ C; the 
third vertical arrow comes from this inclusion. Taking cohomology we get 

^ HO(O^ip) ^ H"(g,Op,upJ =H0(OpJ©H0(OpJ ^ R'^iG) ^ ... 

^ H"(0c) ^ HO((?,OciucJ=HO(0cJ©HO(OcJ ^ H"(g') -> ... 
Both rows here look like 

^ c ^ ^ ^ . . . 

We can replace both H°(C/) and H''(^') by the cokernels, isomorphic to C, of 
the relevant maps and continue the long exact sequences 

C(i) ^ Hi(O^i^) Hi(.g*OpiupJ =Hi(OpJeHi(OpJ ^ nHG) ^ 

C(2) ^ Hi(Oc) Hi(5*Oc,ucJ-Hi(OcJ©Hi(OcJ ^ Hi(g') = ^ 

The first vertical arrow is an isomorphism and hi and h2 are injections. Recall 
that Pi and P2 are P^-bundles over J^Ci x J°C2 and j'^Ci x J^C2, respectively. 
The third vertical arrow comes from the compositions 

and 

and is therefore surjective. Let f3 £ ll^{Oc), and write 

^2{^3) = (/3i,/32) e Hi(OcJ ©Hi(OcJ. 
We can lift (/3i,/32) to 

(71,72) GHi(OpJ©Hi(0pJ. 
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We think of 71 and 72 as harmonic (0, l)-forms on Pi and P2, which therefore 
vanish in the P^-fibre directions and are translation invariant in the {n — 1)- 
dimensional abehan variety directions. Now the map ji essentiaUy takes (71, 72) 
to 

(7l|s;„ -72|s2,7l|si -I2\s0- 

A priori, this won't vanish, but we can modify both 71 and 72 so that it does. 
To achieve this, we add an appropriate }i^{OjOQ^)-coiivponeiit to 

71 e Hi(OpJ - rHOjicxjoc.) - RHO.nc,)®ii\Ojoc,) 
and an appropriate H^(C'jO(7^)-component to 

72 e il\Op,) - U\Ojoc,^j.cJ = n\OjocJ®n\OjicJ- 
In this way, we can create an element 

(7i,72)eHi(OpJ©Hi(OpJ. 

which still maps down to (/3i,/32), but is now in the kernel of ji. Therefore we 
can lift (7^,72) to an element S E H^(C'-jip). 

Let (3' 6 li^{Oc) be the image of 5 under the second vertical arrow. By 
construction i2(/3 — /3') = 0, so there exists e G C(2) such that /12(e) — P ~ fi' ■ 
Under the isomorphism of the first vertical arrow, e corresponds to k € 
Finally, we let 

5' = 5 + hi{n) G Hi(C>-^ip). 
Under the second vertical arrow, 5' is mapped to 

(3' + /12(e) =/3' + /3-/3'=/3e Hi(Oc). 
This proves that the second vertical arrow 

Hi(O-i^) 

Hi(Oc) 

is surjective, completing the proof. □ 

Remark Let — >■ be an elliptic K3 surface containing a singular genus one 
curve Bp of Kodaira type /// over the point p G P^, i.e., Ep consists of a pair of 
rational curves touching tangentially at a point, li p2, . ■ ■ ,Pn are generic points 
of P^, distinct from p and each other, then the fibre of Hilb"5 Sym"P^ over 
{p,P2, • ■ • ,Pri} is £'p X i?2 X . . . X En- This is the kind of 'tacnodal' fibre allowed 
by Hwang and Oguiso's classification. 

Remark Lemma[2](5) has no analogue in the reducible case. Compactified Ja- 
cobians of reducible curves can change dramatically when we change the degree, 

so in general J (Y/B) and J (Y/B) will not be locally isomorphic as fibrations 
over B. 
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Lemma 13 Suppose that we are in the situation of Lemma WA i.e., Y ^ B is a 
flat family of (reduced) canonically positive 2-connected curves over a projective 
manifold B, such that the compactified relative Jacobian 

x^j\y/b) 

is a Lagrangian fihration over B. Then the total space Y of the family of curves 
is smooth. 

Proof This is the analogue for reducible curves of the last statement of Lcmmal^l 
Our proof in the irreducible case used smoothness of the Abel map 

Hiib'"(r/B) ^ 

for large degree m. For reducible curves, this map is not even well-defined: if 
all m points lie on one component, the resulting rank-one torsion- free sheaf on 
the curve will not be stable. However, there is another approach which uses the 
bigraded Abel map of Esteves, Gagne, and Kleiman |9]. They showed that for 
a flat family Y/B of integral Gorenstein curves, the bigraded Abel map 

Y XB J'^'HY/B) ^j\y/B) 

is smooth. Since j'^{Y/B) is smooth by hypothesis, and J'^^^{Y/B) is always 
smooth, it follows that Y must be smooth. 

In the reducible case, J (Y/B) becomes the moduli space of stable rank- 
one torsion-free sheaves. We don't add a stability condition to J'^~^{Y/ B), 
although this means that the bigraded Abel map will not be defined everywhere. 
Nevertheless, Esteves et al.'s proof shows that the map will be smooth wherever 
it is defined. Moreover, given p G Y , there will always exist some family of 
degree d — 1 line bundles on Y/B such that the bigraded Abel map is defined 
in a neighbourhood of p. For example, suppose that d = 1; then by Lemma [TT] 
m* (8) i is stable for any q G Yt C Y and any line bundle L on Yt which has 
degree zero on every component of Yt. Therefore, as before, the smoothness of 
jd-i(Y/B) and j'^{Y/B) implies the smoothness of Y. □ 

4.3 Genus three 

We adopt the following from Catanese [7], Definition 3.9 and Proposition 3.10. 

Definition A reduced curve C is hyperelliptic if there exist two points p and q 
in the smooth locus of C such that }l^{Oc{p + q)) = 2. 

Proposition 14 Let C be a reduced 2-connected curve. Then C is hyperelliptic 
if and only if the canonical map of C is not birational. 

We can now prove the main result of this section. 
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Theorem 15 Let Y ¥^ be a flat family of (reduced) canonically positive 2- 
connected hyperelliptic curves of genus three whose compactified Jacobian X = 
is a Lagrangian fibration, where d is odd. Then X is a Beauville- 
Mukai integrable system, i.e., the family of curves is a complete linear system 
of curves in a K3 surface. 

Proof Tensoring with the relative polarization H = Wy/p3, which has degree 
four on each curve, induces an isomorphism 

1\y/¥^)=1''^\y/¥^). 
We can also take dual sheaves fibre-wise, which induces an isomorphism 

Y{Yl¥'^)=l''^{Y/¥^). 

So without loss of generality, we can assume d = 1. 

Recall that no irreducible component of a canonically positive 2-connected 
curve is contracted by its canonical map. In fact, in genus three the canonical 
map either embeds the curve as a plane quartic (non-hyperelliptic case) or is 
a double cover of a plane conic (hyperelliptic case), by Lemma 2.7 of Catanese 
and Pignatelli [8]. Since all curves in the family F/P^ are hyperelliptic, the 
relative canonical map 

r ^ z c ¥{9.l;) F c X {f^Y 

is two-to-one onto its image Z , which is the zero locus of a section 

c e H°(P(17]|.3 ) , Op(nl, ) (2) ® h*Or^ (d)) = H" (T/, ©(d + 2, 2) | y ) 

for some integer d. By Lemma 2] (2), d must be at least —2 for this space of 
sections to be non-trivial. Let B (Z Z he the branch locus of the the two-to-one 
map Y ^ Z . 

Each curve Yt will be a two-to-one cover of its image, a conic, in the corre- 
sponding P^ fibre of P(np3) branched over eight points, counted with multiplic- 
ity. Let Z? be a conic in P^. The short exact sequence 

^ 0(2) ^ 0(4) ^ 0(4)1^3 ^ 

gives rise to the long exact sequence 

^ H°(P^ 0(2)) ^ H"(P2, 0(4)) ^ H"(i:>, 0(4)|i3) ^ 0(2)) = 0. 

We see that given any choice of eight points in the conic, there exists a quartic 
in P^ such that the eight points are given by the intersection of the quartic 
with the conic. This quartic is not unique: it is defined up to the addition of 
a quadric multiple of the quadric defining the conic D. We need to extend this 
to the relative setting. 

Claim: There is a hypersurface B' dV given by the zero locus of a section 

q e nHmls), Op(oi3)(4) ® h*Ops{2e)) = li°{V, 0(2e + 4, 4)|y) 
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such that B = B' nZ. 

As explained above, the required quartic exists in each fibre, and indeed the 
required 'relative quartic' exist locally in the base P'^. The argument that we 
can patch these together into a global object is similar to the argument in the 
first claim of the proof of Theorem [8l There exists an open cover {Ui} of P"^ 
such that B\ij. is the intersection of Z\iJi and a hypersurface in Vi :— P(r2p3)|[/. 
given by the zero locus of a section 

e H"(l^„ 0p(oi3)(4) ® /i*Op3(2e)|yJ 

for some e, a priori a half integer. On an intersection ViClVj, qi and qj must agree 
up to addition of a quadric multiple of c (note that we have already absorbed an 
overall factor into qi and qj by twisting by the line bundle h*Of>3{2e)). Therefore 

qi = q^ + kjC 

where the relative quadrics lij must be sections in 

B°{V, n l/j, 0p(oj3)(2) h*Or^{2e - d)|y.nv,). 

Now [lij] defines a class in 

Hi(P(r]L), Opmi )(2) ® h*Op3{2e ~ d)) ^ R\V, 0(2 + 2e - d, 2)\v). 

By Lemma HI (3), this cohomology group is trivial. Writing lij — rm — rrij, and 
replacing qi hy qi := qi — rriiC yields relative quartics qi which agree on the 
overlaps ViCiVj, and which therefore patch together to give a global section 

q e R^in^ls), Op(oi3)(4) (E> h*Op3{2e)) = H°(T/, 0{2e + 4,4)|y), 

proving the claim. 

By Lemma|3](2), e must be at least —2 for the above space of sections to be 
non-trivial. 

Claim: d — —2 and e = —2. 

By Lemma [T2l (7') we know that R^tt^^Oy — i^ps- On the other hand, 
TT : F — !■ P'^ is the composition of the maps g : Y ^ Z C P(fip3) and h : 
P(i7p3) — !> P'^. The first direct image R^g* must vanish, since g is a two-to-one 
map, and 

g^Oy = Oz(BOz(^-^B^ 

= Oz®Oz(^-\b' r\Z^ 

= Oz® (Op(oi3)(-2) ® h*Opsi-e)) 1^ 
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because the branch locus is B = B' Z. We can resolve Oz by locally free 
sheaves: 

^ Op(ni3)(-2) (g> h*Opsi^d) ^ Op^nl,) -^Oz^O 
This also yields a resolution of the second term in g^^Oy by locally free sheaves: 
-> Op(oj3)(-4) ® /z*Op3(-d - e) ^ Op(f,i^^)(-2) /i*0p3(-e) 

^0 



(Op(o;,3)(-2)®/i*Op3(-e)) 



Since ft, : F — >■ P"^ is a P^-bundle, R^h^, and i?^ft* must vanish for many of the 
terms in the above resolutions. We find that the long exact sequence obtained 
by applying R*h^ to the resulting resolution of (7*Oy by locally free sheaves 
yields 



R^Kig^Oy) = R^K[Or(^i^){~A)®h*Or^{~d~e) ^ 

^ Or^{~d~e)®R^h,(Or^^i^){-A)^ 

^ C'p3(-d-e)(g) (/i, (Op(oi3)(4)(8)a;,,^ 

= Op3(-d-e)(g) (/i, (Op(f2i3)(4)(8)C'p(oi3)(-3)«)/i*w^3))'' 

= Op3(-(i - e) (g) iu;p3 ® ^/i*Op(j2ij(l)^ 
= C'p3(-d-e-4)(g)f]p3 
where we have used relative Serre duality on the third line and the fact that 

ujv = a;p3x(p3)v (g) 0(1, = 0{-3, -3)|v = Op(oi3)(-3) 

on the fourth line. Since R^h^ {g*Oy) = R^n^Oy = Op3, we conclude that d + e 
must equal —4. Since c? > —2 and e > —2, we must have equality, proving the 
claim. 

We have proved that F is a double cover of the zero locus Z C V ot a, section 
of 0(0, 2) |y branched over the intersection B oi Z with the zero locus B' of a 
section of C'(0,4)|y. By Lemma|4](2), these sections lift to sections of 0(0,2) 
and 0(0, 4), respectively, on P'^ x (P-^)^, and we can define a K3 surface S as the 
double cover of the resulting quadric W in (P^)^ branched over the intersection 
of W with the quartic. The composition of maps 

Y ^ Z 

factors through 5, and thereby expresses F as a P^-bundle over S. In particular, 
S must be smooth since Y is smooth by Lemma 1131 

Y 

ig \ 
Z cV s 

p3 ^r ^ (p3)V 
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Moreover, each fibre of /i : F — >^ is mapped to a hyperplane in (P^)^ by 
j, intersecting in a conic (the image of Zt under j), and the corresponding 
curve Yt is mapped (isomorphically) to the inverse image of this conic in S. 
Therefore the family of curves Y/¥^ is a complete linear system of curves in a 
K3 surface, completing the proof. □ 

Remark Suppose that d is even. If Y/F^ contains a curve C consisting of 
two smooth curves Ci and C2 of genus one touching at a pair of points, then 
there will exist strictly semi-stable sheaves on C. In particular, J (Y/F^) will 
be non-compact. If Y/F^ is a complete linear system of hyperelliptic curves on 

a K3 surface S, then J (Y/F^) can be defined as a Mukai moduli space of stable 
sheaves on S. In this case, it is possible to vary the polarization of S so that all 
semi-stable sheaves must be stable: the induced relative polarization H of the 
family of curves Y/F^ will be such that H has different degrees hi ^ on C\ 
and C2, so that strictly semi-stable sheaves on C no longer exist. For a generic 
polarization on 5, J (F/P^) will therefore be compact. 

On the other hand, for a general family of (canonically positive 2-conncctcd 
hyperelliptic) curves F/P^, the relative canonical sheaf wf/p^ is the only relative 
polarization guaranteed to exist, and we cannot necessarily vary it to eliminate 
strictly semi-stable sheaves. 
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